3* Constructions* The counterexamples we require can be generated through the proper use of the following three constructions. In each construction the matrices A { e Ufa; 3) satisfy per A -| det A \ and have only ones on the diagonal. This later condition is not overly restrictive as any matrix in U(n; 3) can have its rows or columns permuted to put it in this form.
It can easily be verified that in each construction the resulting digraph has only odd cycles, and thus the corresponding matrix has equal permanent and determinant. Furthermore, if the matrices A t are fully indecomposable, then so is the resulting matrix, as the corresponding digraph is strongly connected. Proof. Starting with the matrix C, Constructions I, II, and III may be used to generate a family of fully indecomposable matrices with equal permanent and determinant. It can easily be verified that the family contains matrices of order n for all sufficiently large n.
Construction
The question of the existence of matrices in U(n; k) for k ^> 4 with equal permanent and determinant remains open. It should be noted, however, that should one such matrix exist for a given k, then Constructions I, II, and III with the obvious modifications, may be used to construct an infinite family of such matrices. The problem of finding a good characterization of the matrices in U(n; 3) with equal permanent and determinant also remains to be solved.
As to Conjecture II, while Datta [4] has shown that Conjecture II is true for even n if A is symmetric and imprimitive; Hartfiel [9] has produced counterexamples for n = 4 and 5; and Csima [3] has produced an infinite family of counterexamples. Counterexamples for all sufficiently large even n follow directly from the results of Theorem 1. However, more can be said as follows: THEOREM 2. For each n ^ 3 there is an n x n indecomposable doubly-stochastic matrix A n such that f{z) = per (zl -A n ) has n -2 distinct real roots in (0,1).
Proof. Start with A z = J 3 , which is clearly satisfactory, and continue inductively.
Suppose A n _! satisfies the conditions of the theorem. The required matrix, A n , is constructed as follows. Let A n (X) = \J n + (1 -λ) ((1) 0 -An-i)> where J n is the n x n matrix each of whose entries is 1/n. Clearly A n (X) is doubly-stochastic for O^λ^l and indecomposable for λ Φ 0. Let B n (X, z) = zl -A»(λ), and let g w (λ, z) = per£ % (λ, Then where (A w (λ)) ί:f is the entry of A n (λ) in row i and column j, and (<B Λ (λ, s))(i|i) is the matrix obtained from B n (X, 2) by deleting row i and column j. Observe that B n (0,1) = (0) ® (I -A n _0; hence for λ = 0, 2 = 1 all of the terms in the summation above, except the term for i = j = 1, vanish. Thus = (1 -i)pβr (/- It follows that for λ > 0 sufficiently small per (I -A n (X)) Φ 0, so that for such λ, z = 1 is not a root of per (zl -A n (X)). As the roots of per (zl -A n (X)) are continuous, and, as shown by Brenner and Brualdi [1] , the real roots lie on (0,1], it must be the case that for some λ 0 > 0 per (zl -A n (X 0 )) has n -2 real roots in (0,1). Thus the matrix A n -A n (X 0 ) is as required, and the theorem is proved. We believe that this result may be best possible in the sense that no doubly-stochastic matrix other than the identity yields only real roots.
